




Ginsparg-Wilson Fermions in Odd Dimensions
W. Bietenholz a and J. Nishimura bz
a Humboldt Universita¨t, Institut fu¨r Physik
Invalidenstr. 110
D-10115 Berlin, Germany
b The Niels Bohr Institute
Blegdamsvej 17
DK-2100 Copenhagen , Denmark
Abstract
The Ginsparg-Wilson relation, if written in a suitable form, can be used as a condition
for lattice Dirac operators of massless fermions also in odd dimensions. The fermion ac-
tion with such a Dirac operator is invariant under a generalized parity transformation,
which reduces to the ordinary parity transformation in the (naive) continuum limit.
The fermion measure, however, transforms non-trivially under the generalized parity
transformation, and hence the parity anomaly arises solely from the fermion measure.
The analogy to the lattice construction of chiral gauge theories in even dimensions is
clarified by considering a dimensional reduction. We also propose a natural definition
of a lattice Chern-Simons term, which is consistent with odd dimensional Ginsparg-
Wilson fermions.
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1 Introduction
Recently our understanding of chiral symmetry and gauge-eld topology on the lattice has
developed considerably due to the re-discovery [1] of the Ginsparg-Wilson relation [2]. This
led in particular to a gauge-invariant construction of Abelian lattice chiral gauge theories [3]
(see Ref. [4] for a review on this subject). In this paper, we show that the Ginsparg-Wilson
relation plays an important role also in odd dimensions.
A single massless Dirac fermion in odd dimensions is parity invariant on the classical
level. However, in order to regularize it in a gauge invariant way, one has to break the parity
invariance. For example, in the case of a Wilson fermion, the Wilson term breaks parity. One
can obtain a massless fermion in the continuum limit by ne-tuning the hopping parameter,
but the breaking of parity remains in most cases, which gives rise to the so-called parity
anomaly [5].
The Ginsparg-Wilson relation, if formulated in a suitable form, can be used as a condition
for lattice Dirac operators of massless fermions in odd dimensions just as in even dimensions.
The fermion action with such a Dirac operator is manifestly invariant under a generalized
parity transformation, which reduces to the ordinary parity transformation in the naive con-
tinuum limit. The fermion measure, however, transforms non-trivially under the generalized
parity transformation. Thus the parity anomaly arises solely from the fermion measure in
this formulation.
The connection to the even dimensional case can be claried by rst considering a
Ginsparg-Wilson fermion in 2n dimensions and then performing a dimensional reduction
down to 2n − 1 dimensions. The resulting system describes a doublet of massless Dirac
fermions. By projecting out one of these fermions, we obtain a single odd-dimensional
Ginsparg-Wilson fermion. The projection can be done in two dierent ways, leading to
equivalent systems. The rst type of projection can also be used for the Wilson fermion,
but it has no counterpart in even dimensions. The second type of projection is possible
only for the Ginsparg-Wilson fermion and it is analogous to the one used in constructing
lattice chiral gauge theories in even dimensions. We study the analogy in detail and discuss
in particular the relation to the overlap formalism. We also propose a natural denition
of a lattice Chern-Simons term, which is consistent with odd dimensional Ginsparg-Wilson
fermions.
For concreteness, we deal with three dimensions, which is relevant for most applica-
tions, in particular for high temperature superconductivity. However, the generalization to
arbitrary odd dimensions is straightforward.
The organization of this paper is as follows. In Section 2 we introduce the Ginsparg-
Wilson relation in odd dimensions. We show that any Dirac operator satisfying the Ginsparg-
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Wilson relation is invariant under the generalized parity transformation. In Section 3 we
describe the dimensional reduction from D = 4 to D = 3 and the standard projection to a
single Dirac fermion in the case of Wilson fermions. In Section 4 we apply the dimensional
reduction to Ginsparg-Wilson fermions. In Section 5 we discuss the generalized parity in-
variance in the context of dimensional reduction and clarify its relation to the generalized
chiral symmetry in even dimensions [6]. In Section 6 we consider the analogy to the lat-
tice construction of chiral gauge theories in even dimensions. In Section 7 we comment on
the relation to some previous results obtained from the overlap formalism, and Section 8 is
devoted to our conclusions.
2 The Ginsparg-Wilson fermion in odd dimensions




where a is the lattice spacing. It turned out that this condition for the 4D lattice Dirac
operator D(4) enables the physical properties related to chirality to be represented correctly
on the lattice. It is crucial for D(4) to be local (with exponentially decaying correlations)
and free of massless species doublers. Assuming as usual \γ5-Hermiticity" for D
(4),
D(4)y = γ5D(4)γ5 ; (2.2)
we can re-write the Ginsparg-Wilson relation in a form, which does not involve γ5, and which
is therefore compatible with odd dimensions,
D(4) +D(4)y = aD(4)yD(4) : (2.3)
Hence we denote a 3D lattice Dirac operator D(3) as a Ginsparg-Wilson operator if it obeys
D(3) +D(3)y = aD(3)yD(3) ; (2.4)
and we expect it to describe a massless fermion in D = 3. As in even dimensions, a solution




(1− V ) ; (2.5)
where the operator V is unitary. In the naive continuum limit, V should turn into the
identity operator. Explicit solutions for the 3D Ginsparg-Wilson operator are discussed in
Section 7.






 (x)D(3)(U) (x) ; (2.6)
is invariant under
 (x) 7! iRV  (x) ;  (x) 7! i  (x)R ; U(x) 7! UP (x) ; (2.7)
or  (x) 7! iR (x) ;  (x) 7! i  (x)V R ; U(x) 7! UP (x) ; (2.8)
where UP is the parity transformed gauge conguration,
UP (x) = U(−x)y ; (2.9)
and R is the space-time reflection operator. We assume that the 3D Ginsparg-Wilson oper-
ator D(3) has the property
D(3)(U)y = RD(3)(UP )R ; (2.10)
which holds also for the 3D Wilson operator. If the right-hand side of the relation (2.4) would
vanish | as is the case with the continuum massless Dirac operator (@ + iA(x)) | then
the action would be invariant under the ordinary parity transformation, which is obtained
from eq. (2.7) or (2.8) by replacing V by the identity operator. The right-hand side of (2.4)
being non-zero, the action (2.6) is not invariant under the ordinary parity transformation,
but it still has exact invariance on the lattice under the generalized parity transformation
(2.7) or (2.8), which reduces to the ordinary one in the naive continuum limit.
On the other hand, the fermion measure does change non-trivially under transformation
(2.7) or (2.8),
d d  7! (det V )−1 d d  ; (2.11)
which gives rise to the parity anomaly in this formulation. This is in contrast to the situation
with the Wilson fermion, where the parity breaking appears explicitly in the action through
the Wilson term. A massless Wilson fermion is achieved only by ne-tuning the hopping
parameter. For Ginsparg-Wilson fermions, the breaking of parity is harmless and one obtains
a single massless Dirac fermion without ne-tuning. 2
The situation is analogous to the generalized chiral symmetry in even dimensions [6]. In
order to clarify the relation to the even dimensional Ginsparg-Wilson fermions, we formally
construct D(3) from D(4) by means of dimensional reduction and a subsequent projection.
2If we write the Ginsparg-Wilson relation as D(3) −1 + D(3)y −1 = a, the breaking of ordinary parity
invariance is again manifest from the non-vanishing right-hand side. That breaking term, however, does not
shift the poles in D(3) −1, in contrast to the Wilson term.
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In the next section, we consider these operations in the case of Wilson fermions to establish
the conceptual basis.
In passing, we comment that if D(3) satises the Ginsparg-Wilson relation, so does D(3)y.
Therefore the action
S 0 = −a3
∑
x
 0(x)D(3)(U)y 0(x) (2.12)
is also expected to describe a massless Dirac fermion. However, the parity anomaly is
represented by det(V y) instead of det V . This manifests the well-known regulariza-
tion dependence of parity anomaly. We will discuss this issue in more detail in Section
7. We also note that the action (2.12) can be transformed to the form (2.6) by the
eld re-denitions  0(x) = V  (x) and  0(x) =  (x). However, the measure is dierent,
d 0 d  0 = (detV )−1 d d  . Therefore, the two systems (2.6) and (2.12) with the standard
measure are not equivalent 3. In fact the two Dirac fermions form a parity doublet, as we
will see in Section 4.
3 Dimensional reduction of Wilson fermions
We start from a 4D Wilson fermion with a lattice gauge eld U(x) on a 4D periodic lattice
L1  L4. Then we make a dimensional reduction to obtain a 3D system. By dimensional
reduction, we mean that we let L4 = 1 and take the gauge eld to be U4(x) = 1 for any





Ψ(x)[Dw(U) +m]Ψ(x) ; (3.1)






fγ(r +r) + arrg : (3.2)

















Note that Dw inherits γ5-Hermiticity from the 4D Wilson operator,
Dw(U)
y = γ5Dw(U)γ5 : (3.4)
In addition, Dw has some properties which the 4D Wilson operator does not have. Firstly,
Dw(U) Γ = ΓDw(U) ; (3.5)
3Note that in D = 4 the corresponding two systems are equivalent due to the γ5-Hermiticity (2.2). D(3),
however, has the property (2.10) instead, which makes a crucial difference.
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where Γ is a unitary and Hermitean matrix dened as






Due to commutation relation (3.5), the action (3.1) is invariant under
Ψ(x) 7! eiΓΨ(x) ; Ψ(x) 7! Ψ(x)e−iΓ ; U(x) 7! U(x) ; (3.7)
where  is a real parameter. Under space-time reflection, Dw behaves as eq. (2.10),
Dw(U)
y = RDw(UP )R : (3.8)
Using the relations (3.4) and (3.8), we see that the action (3.1) is invariant under the
(standard) parity transformation 4
Ψ(x) 7! γ5Ψ(−x) = γ5RΨ(x)
Ψ(x) 7! Ψ(−x)γ5 = Ψ(x)Rγ5
U(x) 7! UP (x) : (3.9)
Due to property (3.5), the action (3.1) naturally decouples into two Dirac fermions,
where 1
2
(1  Γ) acts as a projection operator. Let us introduce the unitary matrix U that
diagonalizes Γ,













Using this unitary matrix U , also the Wilson operator can be brought into a block-diagonal
form as










which follows only from the properties (3.4) and (3.5). From the explicit form (3.2), we see
that D
(3)






f(r +r) + arrg : (3.12)






; Ψ(x) = (  (x);  0(x)) U y ; (3.13)
4In transformation (3.9), γ5 could be replaced by γ4. More generally, one can replace γ5 by γ5eiαΓ, as
we see if we combine the transformations (3.7) and (3.9). However, we stay with (3.9), because the further
generalizations do not provide additional insight.
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we nd that the action (3.1) decouples into two 3D Dirac fermions, with mass and Wilson
parameter of opposite signs. Note also that the integration measure decouples simply as
dΨ dΨ = d d   d 0 d  0 ; (3.14)
without a nontrivial Jacobian factor.
One can extract one of the two 3D Dirac fermions by imposing the constraint
ΓΨ = Ψ ; ΨΓ = Ψ : (3.15)
However, this constraint is not compatible with the parity transformation (3.9), since Γ does
not commute with γ5. Therefore, parity invariance (3.9) does not survive the projection
(3.15). This can be understood intuitively since the parity transformation (3.9) exchanges
the two 3D Dirac fermions, hence it cannot be described by using only one of them.
We also remark that the existence of the (standard) parity invariance (3.9) in the 3D
doublet system does not imply the masslessness of the two Dirac fermions. It only implies
that they have masses of opposite signs with the same magnitude. It is for a single 3D Dirac
fermion that the parity invariance on the classical level implies masslessness.
4 3D Ginsparg-Wilson fermions from dimensional re-
duction
Let us now consider a 4D Ginsparg-Wilson fermion and perform a dimensional reduction to





where D satises the Ginsparg-Wilson relation
D +Dy = aDyD : (4.2)
We also assume that it fullls the properties (3.4), (3.5) and (3.8).
Since D has all the properties of Dw that we used in Section 3, all the statements in the
previous Section apply to the present case. Hence the system (4.1) is invariant under the
(standard) parity transformation (3.9) and it decouples into two Dirac fermions if we apply
1
2
(1 Γ) as a projector. We can bring the operator D into a block-diagonal form as







Due to the 3D Ginsparg-Wilson relation for the doublet, eq. (4.2), the operator D(3) in eq.
(4.3) obeys the 3D singlet Ginsparg-Wilson relation (2.4). By using the decomposition (3.13),
we obtain the systems (2.6) and (2.12) with the standard integration measure. Therefore,
the system (4.1) describes a doublet of 3D Ginsparg-Wilson fermions, which are exchanged
under the standard parity transformation (3.9). One can extract one of the two 3D Ginsparg-
Wilson fermions by imposing the constraint (3.15).
In analogy to the even dimensional case [3], we dene the operator γ^5,
γ^5 = γ5(1− aD) ; (4.4)
which is Hermitean,
γ^y5 = γ^5 ; (4.5)
due to the γ5-Hermiticity of D. The Ginsparg-Wilson relation (4.2) further implies
(γ^5)
2 = 1 ; (4.6)
γ5D = −Dγ^5 : (4.7)
Eqs. (4.5) and (4.6) show that γ^5 is also unitary. In addition, eq. (4.7) implies
eiγ5Deiγ^5 = D ; eiγ^5Dyeiγ5 = Dy : (4.8)
which is analogous to the generalized lattice chiral symmetry in even dimensions [3].
In the present 3D case, the operator γ^5 has the additional property
γ^5 Γ = −Γ γ^5 ; (4.9)







where X, Y are Hermitean matrices satisfying X2 +Y 2 = 1 and XY = Y X. Solving (4.4)













f1− (X + iY )g : (4.12)
Thus the 3D Ginsparg-Wilson operator D(3) takes the general form (2.5) with the unitary
operator V given by V = X + iY .
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5 Generalized parity transformations
As in the case of the Wilson fermion, the projection (3.15) is not compatible with the parity
transformation (3.9). However, we will see that the action (4.1) is actually invariant under a
more general class of parity transformations due to the Ginsparg-Wilson relation. Then we
are going to show that there exist generalized parity transformations, which are compatible
with the projection (3.15). In the next Section, we will see that again due to the Ginsparg-
Wilson relation, there exists a dierent type of projection, which is compatible with the
standard parity transformation (3.9).
Let us start from the ansatz
Ψ(x) 7! RAΨ(x)
Ψ(x) 7! Ψ(x)BR
U(x) 7! UP (x) ; (5.1)
for a generalized parity transformation, where A and B are operators acting on the fermion
eld. Requiring the action (4.1) to be invariant under transformation (5.1), and using the
property (3.8), we obtain the condition
BDyA = D : (5.2)
The ordinary parity transformation (3.9) corresponds to the particular case A = B = γ5,
which indeed satises the condition (5.2), cf. relation (3.4).
Exploiting the properties (4.8), we obtain a more general solution to the condition (5.2)
as
A = eiγ5γ5e
iγ^5 ; B = eiγ5γ5e
iγ^5 ; (5.3)
with real parameters , . The invariance of the projection (3.15) under the transformation
(5.1) requires that the operators A and B commute with Γ. Such a set of operators A, B
can be obtained by choosing  = 
2
,  = 0 or  = 0,  = 
2
in the generalized solution
(5.3). These two choices correspond to
i) A = iγ5γ^5 ; B = i ; (5.4)
ii) A = i ; B = iγ5γ^5 ; (5.5)
respectively. Correspondingly, the projected fermion elds  (x) and  (x) transform as (2.7)
resp. (2.8) under the generalized parity transformation (5.1).
Hence the existence of the generalized parity transformation (2.7) or (2.8) in the action
(2.6) can be understood in analogy to the generalized chiral symmetry in even dimensions.
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6 Analogy to chiral gauge theories in D = 4
Due to property (4.7), the system (4.1) also allows for another projection by imposing the
constraint
γ^5Ψ = Ψ ; Ψγ5 = −Ψ ; (6.1)
instead of the constraint (3.15). This is in fact the projection used to construct lattice chiral
gauge theories in the even dimensions [3].
The projection (6.1) is actually compatible with the standard parity transformation (3.9),
since
γ^5(U
P ) (Rγ5) = (Rγ5) γ^5(U) : (6.2)
The parity transformation written in terms of the projected elds  (x) and  (x) is given by
eq. (2.7).
Next we note that eq. (4.9) implies that γ^5 has an equal number of eigenvalues +1 and














Tr (γ5D) = 0 ; (6.3)
where the trace Tr is taken over all the spinor, space-time and gauge indices. Hence it is
possible to diagonalize γ^5, for instance as





























; Ψ(x) = (  (x);  0(x)) Γ ; (6.6)
we see that the action (4.1) decouples into two 3D Ginsparg-Wilson fermions. Note also
that the integration measure decouples as in eq. (3.14), without a nontrivial Jacobian fac-
tor, since det Γ det ~U = 1. Although the decomposition (6.6) is dierent from (3.13), the
resulting systems are equivalent.
In Ref. [7], the 4D Weyl fermion belonging to the real representation of the gauge group
has been studied using the Ginsparg-Wilson fermion. There, it was shown that the fermion
measure can be dened in a gauge invariant way, although the construction is quite dierent
from the one presented here.
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7 Relation to the overlap formalism
So far, we have not specied a particular form of the Ginsparg-Wilson operators. In even
dimensions, an explicit example of the Ginsparg-Wilson operator D(4), which satises the
Ginsparg-Wilson relation (2.1) and other required properties, is given by the overlap operator
[8]. Up to moderate coupling strength, the overlap operator is local and free of doubling and
mass renormalization 5. The operator D, obtained by dimensional reduction of an overlap









; A = 1− aDw ; (7.1)
where the Wilson operator Dw is dened in eq. (3.2). As in the even dimensional case [4, 11],
the construction presented in Section 6 becomes mathematically isomorphic to the overlap
formalism [12].
The overlap formalism, which was originally proposed to construct a lattice chiral gauge
theory 6, has also been applied to odd dimensions [14, 15]. In Ref. [14] it was pointed out
that the overlap formalism provides a lattice regularization of a single 3D Dirac fermion
with manifest parity invariance except for the phase of the fermion determinant. This is due
to the fact that the auxiliary many-body Hamiltonian, which plays the central role in the











with the Hermitean operator
H = γ5 (1− aDw) : (7.3)
The many-body Hamiltonian (7.2) has a manifest parity invariance
(x) 7! i (−x) ; (x) 7! i (−x) ; U(x) 7! UP (x) : (7.4)
In fact one can re-write the overlap formalism in a path integral form following e.g. Ref. [16]
to arrive at the formalism in Section 6. Then one observes that the parity transformation
(7.4) maps to the standard parity transformation (3.9), which survives the projection (6.1).
5The collapse of the latter two properties was observed in a strong coupling expansion [9]. For instance,
in quenched QCD4 the applicability of the overlap formula — starting from D
(4)
w — extends down to about
  5:6 [10].
6See, however, Ref. [13], where the problem of the so-called Wigner-Brillouin phase choice proposed in
Ref. [12] has been clarified.
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For the particular choice (7.1), the corresponding 3D Ginsparg-Wilson operator D(3)










A(3) = 1− aD(3)w : (7.6)
The fermion determinant det(D(3)) coincides with the one obtained by the overlap formalism
[15]. The phase of the eective action det(D(3)) is parity odd, and it is half of the phase
of det(A(3)). The latter has been calculated in the continuum limit [17], and it turned out
that the correct parity anomaly | described by the Chern-Simons term | is reproduced.
In general, innitely heavy Dirac fermions in odd dimensions do not decouple completely.
They leave a remnant in the eective action, 7 which can by expressed again by a Chern-
Simons term. When one regularizes a single massless Dirac fermion, one has to introduce a
number of heavy fermions with mass of the cuto scale, such as Pauli-Villars regulators or
massive doublers for the Wilson fermion. The parity anomaly represented by the induced
Chern-Simons term therefore depends on the number of heavy fermions introduced in the
regularized theory. The coecient of the Chern-Simons term has an ambiguity labelled by
an integer, which species a universality class. The above choice (7.5) with (7.6) reproduces
one of these classes.
A natural question is whether we can also reproduce other classes by using Ginsparg-
Wilson fermions. At this point, we remark that the overlap solution to the Ginsparg-Wilson
relation can be generalized in two respects [18]: rst, the relation (2.4) itself can be gener-
alized to
D(3) +D(3)y = 2aD(3)yRD(3) ; (7.7)
where the kernel R has to be local and it must not be parity-odd. 8 This relation is solved

















In addition, we also have the much freedom in the choice of A(3): the Wilson operator D
(3)
w in
its denition can be replaced by many other lattice Dirac operators D
(3)
0 . If D
(3)
0 is local and
free of massless doublers, we arrive at a sensible Ginsparg-Wilson operator D(3). (However,
D
(3)
0 does not need to be parity invariant in any sense.)
7This is not too surprising, since the remnant quantity appears in terms of a local operator.
8As in even dimensions, also perfect [2] and classically perfect [19] actions are solutions to the Ginsparg-
Wilson relation. In their construction, the term R−1 appears in the renormalization group transformation
term, and the standard choice Rx,y = 12x,y is optimal for locality [20].
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If we now vary either R, or D
(3)
0 or both, we can change the universality class. In fact,
all classes are accessible in this way, so the set of 3D Ginsparg-Wilson fermions covers all of
them. To demonstrate this, we consider as an example the form




where n = 0; 1; 2; : : : The phase of det(A(3)) for these cases has been calculated in the
continuum limit [17], and the resulting parity anomaly is (2n + 1) times the one obtained
for the standard choice (7.6). Moreover, we can switch from D(3) to −D(3)y (cf. Section 2),
which is a Ginsparg-Wilson operator for a kernel R with opposite sign. This changes also
the sign of the parity anomaly. Therefore, by exploiting the freedom in choosing R and D0,
we obtain Ginsparg-Wilson fermions in all the universality classes | labelled by an integer
ranging from −1 to +1 | which were identied before for Wilson fermions [17].
This conrms that we are not dealing with an anomaly in the usual sense, where the
amount is the same for all correct regularizations. In the case of the parity anomaly, an
innite number of universality classes coexist on the same level.





j det(A(3))j ; (7.10)
where we use A(3) as dened in eq. (7.6), can be used as a natural denition of the Chern-
Simons term on the lattice. The normalization of SCS is chosen in such a way that it
transforms as
SCS 7! SCS + 2 ; (7.11)
under a gauge transformation, where  is the winding number characterizing the gauge
transformation. Consequently, the phase factor eiSCS should be gauge invariant, and indeed
the right-hand side of eq. (7.10) is manifestly gauge invariant. Since the index theorem holds
in even dimensions on the lattice for Ginsparg-Wilsons fermions [19], one may expect that
the above denition captures the topological aspects of gauge theories.
8 Discussion and outlook
In this paper, we have introduced the Ginsparg-Wilson relation in odd dimensions and we
revealed its importance. We have shown that an action based on any lattice Dirac operator
satisfying the Ginsparg-Wilson relation is invariant under a generalized parity transforma-
tion. The fermion measure, however, breaks parity invariance, giving rise to the parity
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anomaly. This is analogous to the chiral symmetry in even dimensions: there the chiral
anomaly arises from the measure in the case of Ginsparg-Wilson fermions [6]. Thus, we
naturally realize Fujikawa’s approach to anomalies [21] at a fully regularized level on the lat-
tice. This is in contrast to the situation with the Wilson fermion, where the parity breaking
appears explicitly in the action through the Wilson term.
We note that the way the parity anomaly appears is similar to the situation discussed in
Ref. [22], where a single Dirac fermion is considered in the continuum with Pauli-Villars regu-
larization. After integrating out the Pauli-Villars regulator, a (nonlocal) eld re-denition
of the fermion eld is performed to make the action parity invariant. The parity anomaly
arises from the Jacobian of the eld re-denition.
Let us nally give some possible directions for future studies. We can impose a Majorana
condition on the 3D Ginsparg-Wilson fermion to obtain a massless 3D Majorana fermion,
which can be used to construct supersymmetric N = 1 Yang-Mills theory in three dimensions
on the lattice. This provides a considerable simplication to the idea presented in Ref. [23]
using the overlap formalism. In Ref. [24], it was suggested that parity anomaly in odd
dimensions may be related to a CPT anomaly in chiral gauge theories in even dimensions.
Indeed, according to Ref. [25] a CPT anomaly exists in the exact solution [13] of two-
dimensional U(1) chiral gauge theories. We hope that our results may also shed light on
that issue. We have further proposed a possible denition of the Chern-Simons term on
the lattice. It turns into the correct form in the continuum limit. As the index theorem
provides a sensible denition of the topological charge on the lattice for Ginsparg-Wilson
fermions, it is conceivable that the proposed denition of the Chern-Simons term captures
the topological aspect of gauge theory.
To conclude, we note that the consistency of the Ginsparg-Wilson fermion revealed in
this paper provides further support for the new approach to lattice chiral gauge theories and
extends the range of its application to odd dimensions.
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